In 2012, Blecher defined the combinatorial objects known as 1-shell totally symmetric plane partitions of weight n. He also proved that the generating function for f (n), the number of 1-shell totally symmetric plane partitions of weight n, is given by
Introduction
In 2012, Blecher [4] considered a special class of totally symmetric plane partitions (TSPPs) which he called 1-shell TSPPs. (For more information about TSPPs in general, the reader may wish to see [3, 7] .) As defined by Blecher, a 1-shell totally symmetric plane partition has a self-conjugate first row/column (as an ordinary partition) and all other entries are 1. For example, the following are 1-shell TSPPs: In this paper, we let f (n) be the number of 1-shell TSPPs with weight n (so that the parts of the TSPP sum to n). In [4] , Blecher proved that
Our goal in this brief work is to prove a number of arithmetic properties satisfied by f (n). To prove these results, we will utilize (1) along with a number of wellknown identities of Ramanujan and Watson (and some elementary generating function manipulations).
Arithmetic Properties
We begin with an extremely straightforward result which follows from (1).
Proof. Note that when the right-hand side of (1) is written as a power series in q, the only powers of q which appear are of the form q 3 j+1 for some j ≥ 0. This immediately proves the result.
Next, we transition to a parity result for f (n) which provides a nice characterisation based on the prime factorization of n.
Proof. Our proof begins with an identity of Ramanujan found in the work of Andrews and Berndt [2, Entry 9.5.2, page 238]:
Replacing q by q 3 throughout (2) gives
We then multiply both sides of (3) by q and add 1 to obtain
which is equivalent to
Thanks to (1) and (4) we have, modulo 2,
2 ).
The result follows.
It is clear that Theorem 2.2 can be utilized to write down infinitely many Ramanujan-like congruences modulo 2. For example, we have the following: Corollary 2.3. Let p ≥ 5 be a prime and let r be any non quadratic residue modulo p. Then, for all n ≥ 0, f (pn + r) ≡ 0 (mod 2).
Corollary 2.4. For all m ≥ 1, k = 2, 3, 5, 6 and 7, and all n ≥ 0,
Proof. This result follows because all squares are congruent to 0, 1, or 4 modulo 8.
We now transition to consider an unexpected congruence satisfied by f (n) modulo 5.
Theorem 2.5. For all n ≥ 0, f (10n + 5) ≡ 0 (mod 5).
Proof. First, thanks to Theorem 2.1, we know that f (10(3n) + 5) = f (30n + 5) = 0 because 30n + 5 ≡ 2 (mod 3) and f (10(3n + 1) + 5) = f (30n + 15) = 0 because 30n + 15 ≡ 0 (mod 3). Thus, the only thing needed to prove Theorem 2.5 is to confirm that f (10(3n + 2) + 5) = f (30n + 25) ≡ 0 (mod 5) for all n ≥ 0. In order to begin our proof, we consider the third order mock theta function 
where ω(q) is another of the third order mock theta functions noted by Fine [5, (26.81 ), p. 61]. (The actual definition of ω(q) is not necessary for our purposes here.) Using (7) we see that
From (6) and (8),
If we extract the odd powers of q, we obtain
We now manipulate the right-hand side of (9) as follows:
We now wish to consider the power series for
We have the well-known result of Jacobi [1, p. 176] which states that 
for certain functions A and B of q. (It is a straightforward exercise to show that
and
The interested reader may wish to see [6] for more information on how one proves these product representations of A(q) and B(q).) Thus, modulo 5,
From the above, we see that the coefficient of q 5n+4 is divisible by 5 because the righthand side of the congruence contains no terms of the form q 5n+4 . Thanks to (9), we now know that, for all n ≥ 0, h(10n + 9) = h(2(5n + 4) + 1) ≡ 0 (mod 5).
Lastly, for all n ≥ 1, we know that h(n) = f (3n − 2) thanks to (1) and (5) . Therefore, we know that
This completes the proof of Theorem 2.5.
Closing Thoughts
Two sets of closing thoughts are in order. First, it would be instructive to obtain combinatorial proofs of results like those above based on the combinatorial "structure" of the 1-shell TSPPs. Secondly, it appears that f (n) satisfies congruences in arithmetic progression modulo 4 and 8 based on the computational evidence available. It would be desirable to see proofs of these results as well (whether combinatorial in flavor or via q-series manipulations).
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